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In the case of weak fields, we compare the gravitational fields and the dynamical 
equation of a particle deduced from special relativistic gravitational theory with 
the corresponding results deduced from general relativity. Then both gravita- 
tional theories can be tested by experiments. 

In the special relativistic gravitational theory of  Junhao and Xiang 
(1990a,b), the gravitational force exerted on a particle is a quadratic function 
of  its four-velocity, and then one cannot find a noninertial system in which 
all particles are in inertial motion, in the general case. In general relativity, 
over a limited region the effects of  gravitation and of  being in an accelerated 
frame of  reference are indistinguishable, and the four-acceleration of  a parti- 
cle is also a quadratic function of  its four-velocity in curved space-time. But 
we have no way to affirm whether the space-time is curved or not except by 
using the trajectory of  a particle. Therefore, we cannot judge which theory 
is correct if experiments prove that the four-gravitational force is a quadratic 
function of  its four-velocity. To answer this question, we need to obtain 
detailed knowledge of  the gravitational force deduced from both theories. 
Now, the observations of  the gravitational waves from the explosion of SN 
1987A have been shown to be more advantageous to the special relativistic 
gravitational theory than to general relativity. But the action of  strongly 
concentrated material is rare, so we need to discuss the weak-field limit, too. 

Considering the linear approximation for weak fields, the metric tensor 
is of  the form 

g~v = r/uv+ huv (1) 
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where 0uv is the constant metric tensor of the special relativistic theory ( 000 
qua= 0 1 

0 0 

(2) 

and huv and their derivatives are small quantities of the first order. In this 
case, the field equations of  general relativity reduce to 

{ t �89 -41rGpoc 2 0 u v + - ~  U~C~U~Z ~ (3) 

where [] is the special relativistic form of d'Alembert 's operator, 
U~ ~ = 7(u, c), 7 = ( 1 -  u2/c2) 1/2, and (G) denotes general relativity. 

In special relativistic gravitational theory the gravitational potential 
tensor satisfies the equation 

~2A~v ~-,~ dAu~176 -47rGp~ 2 rr(s)'~(s)+ ) 
3x~ Ox~ Ox~ 0x~ c2 ~ vu --~ - 8u~ (4) 

where U(v s) = ),(u, ic), and (S) indicates the special relativistic case. Then we 
have 

�89 =( Agj iAi4 ] (5) 
\iAaj - A44/ 

In the linear approximation, both h,~ and Au~ satisfy the same equation, but 
their physical meanings are different. 

Suppose that a homogeneous sphere rotates about  the axis x3 and its 
mass and radius are M and r0, respectively. In the case of COro ~ c, we can 
describe the rotation of a sphere by the classical method. In the steady 
rotation case, the potential tensors due to a sphere deduced from the linear 
approximation of (4) are 

GM + 2 c ~ 1 7 6  
A"=cZ r 5c 2 [ 7r ~ r2/JJ 

- 6GMcoZrgxlx2 
A 12 = A21  - 35c4r5 

Az2=G-~--MI1 +' 2w2r2 I1 +'r~2 ( 5 c  2 7r 1 + 3x~l]~ 
- -  - 7)_13 

A~3 = A31 = A23 = A32 = 0 
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GM 
A33 - c2r 

- 2iGMror~x2 
A 14 = A41 - 5c3r 3 

2iGMcor2xl 
A24 = A42 - 

5c3r 3 

A34 --~ A43 = 0 

- GM 
A44 - (6) C2 r 

where r > r0. 
According to the special relativistic theory of gravitation, the four- 

gravitational force exerted on a particle is 

K ~ ) = ~  ~r tr(S)rr(s) ,,,o . . . .  ; , ~  ~,~, (7) 

where mo is the mass of the particle and Hv,,p must satisfy the relations 

Hwp = Hvp~ (8) 

Hvop + H~,pv + Hpv~ = 0 (9) 

The relation between the field strength and potential is 

H~.p_~?A.p 1 ~Avp 1 ~A~ (10) 
Ox~ 2 Ox~ 2 OXp 

It is important that (10) is an inevitable result of (9). 
From general relativity, the dynamical equation of a particle is 

dU v(a) 
- F~pU'~(a)U p(~ (11) 

dr  

In the case of a weak-field approximation, we have 

- F ~ p -  �89 ~ ' h  - ~ (~p,~-ho~,p-hp~,.) (12) 

Substituting (5) into (12), we have 

[ / HIo'+Nlij i(nli4+Nli4) t F 
! 

(13) O'p 
\i( nl4j + NI4j) - ( / - / /44  + N144)/ 

- r  4 = - i (  n4ij+N4~ i(n4i4+N4i4) ] (14) 
P \i(H44j+N44j) - (H444 + N444)/  
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where 

N ~ . p -  - I (OA~p +OA~'~I 
2 7Zx / (15) 

The special relativistic theory of gravitation asks that Hwp satisfies (9); then 
(10) characterizes this theory. In general relativity, the expression of F~p is 
invariable. So Nv.p indicates the substantial difference between both gravita- 
tional theories. 

It has been pointed out that (7) may be expressed in three-dimensional 
form 

r (S) = m ( E  (S) + ~ u x B(s) + l u " ~ ( s )  + l u x ~l " c 2 (16) 

In the same way, (11) may be expressed as 

(17) 

where 

E~ a) = -c2(Hm + Ni44) = E~ s) + c 2 ?A,4 
ax4 

B}a) i 2 = ~ c ( ~ ,  + ~.4~ - n~j, - H~,j + Nj~. + ~4~ - N~j, - N~,j) 

_ 4 ~ ( s )  

p~q) i 2 
,~ = ~ r ( nv4 + H i ,  + Hi,4 + nj , ,  + No4 + Xi4j + mj,4 + Nj, O 

= --2 ic  2 OAJ i 
Ox4 

(18) 

and x4 = ict. 
If the gravitational field is permanent, then we get 

E~G~ = E~S~ 

P }~) = 0 (19) 
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Consider a homogeneous sphere rotating about the axis x3. The gravitational 
field strengths outside the sphere are 

E~S) = - 7  (x,, x2, x3) 

B} s) - -3GM~ (3x,x3, 3x2x3 - x  2 -  x 2 + 2x 2) 
5cr 5 

,~, 3GMcor 2 / -2xlx2 x 2 - x  2 -x2x3~ 

"~;'- ,~r~ t x~-x~ 2x,x~ Xo~ ) 
\ ~X2X3 XlX 3 

o _x5 R,,=V-Vx, o 
\ X2 --Xl 

x !) 
Nljl ~" ~ I X2 0 

x3 0 

N2jt 2c2r 3 2x2 
X3 

N3jz=GM{O 0 x , )  

X2 2X3 
(20) 

where we neglect the contribution of the term in proportion to co2r~/c 2. In 
this case we have 

D~) = GMmuru 
c2r2 (21) 

CONCLUSION 

1. The forces exerted on a rest particle by the permanent gravitational 
fields deduced from both gravitational theories are the same. 
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2~ In both theories, the force contains terms in ui and uiuj, respectively. 
In general relativity, the term in us of the force must be perpendicular 

to u. In special relativistic gravitational theory, this term contains a com- 
ponent along the velocity. 

3. In special relativistic gravitational theory the term in ujut of the force 
must be perpendicular to u. In general relativity this term contains a com- 
ponent along the direction of u. 
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